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Finite Horizon Nonlinear Energy Optimizing Control in a Force Augmenting
Hybrid Exoskeleton for the Elbow Joint

Fermín Castillo, Ricardo López-Gutíerrez , Omar-Jacobo Santos-Sánchez , Antonio Osorio,
Sergio Salazar, and Rogelio Lozano,

Abstract— In this brief, the implementation of a suboptimal
nonlinear discrete control to optimize the energy consumption
in a hybrid exoskeleton for the elbow joint is presented. The
exoskeleton is used to amplify the strength of the user and is
hybrid in the sense that it combines two types of actuators:
pneumatic muscles and Harmonic Drive motors, which give
power and precision to the system, respectively. The exoskeleton is
autonomous in the energetic sense, and it is driven by compressed
air and batteries. The suboptimal control is used to increase the
operation time of the exoskeleton. This control law penalizes the
energy consumption, and it has a direct effect on the operation
time of the prototype.

Index Terms— Force increment, hybrid exoskeleton,
suboptimal control.

I. INTRODUCTION

TECHNOLOGICAL progress in exoskeletons has consid-
erably grown in recent years, and thanks to this fact,

mankind enjoys a comfortable life. One of the research areas
being explored to improve quality life is the exoskeleton
robots. Scientific and technological work in exoskeletons dates
back to the early 1960s. “The exoskeleton is a kind of
wearable robot. The distinctive, specific, and singular aspect
of exoskeletons is that the exoskeleton kinematic chain maps
on to the human limb anatomy. There is a one-to-one cor-
respondence between human anatomical joints and the robot
joints or sets of joints” [1].

Some exoskeletons employ pneumatic muscles as main
actuators that generate the desired movement of a determined
joint of the body. Ramos et al. [2] proposed an exoskeleton that
uses pneumatic actuators to amplify the strength of a superior
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limb, and the prototype is controlled by electromyography
(EMG) signals and presents experimental results.

Noda et al. [3] worked on an exoskeleton using pneu-
matic muscles in an antagonistic manner transmitting force
by a cable and also included two small electromagnetic
motors, with a small but effective force amplification. Pujana-
Arrese et al. [4] presented a 1-DOF control system using
pneumatic muscles. The muscles were designed and built for
performing research in the industry. The experimental config-
uration is very nonlinear and very difficult to control. These
approaches use pneumatic muscles in different configurations
and are controlled employing various control techniques.
Putting together pneumatic muscles with some other actuator
like electric motor results in a system that takes advantage of
the power of the muscles and of the precision or smoothness
of the motors. Martinez et al. [5] carried out a design of a
hybrid exoskeleton, proposing control that has been tested in
experiments.

A mathematical model proposed by Pujana-Arrese
et al. [6] describes the artificial pneumatic muscles and
also shows experimental tests when using these actuators.
Hamaya et al. [7] propose an exoskeleton for superior
members and formulate a learning problem to perform a
user–robot interface.

Some other exoskeletons are force augmenting devices that
employ electrical motors or passive elements as principal
actuators to perform a given task. At the 14th International
Conference on Ubiquitous Robots and Ambient Intelligence,
Seo et al. [8] presented the design of an exoskeleton of
superior members having 3-DOF with experimental results and
new control methods. Sui et al. [9] proposed an exoskeleton
of 5-DOF for daily living. Liu et al. [10] performed a control
based on EMG signals for an exoskeleton of upper limbs. The
experimental platform of a shoulder and elbow exoskeleton
proposed by Crea et al. [11] uses elastic actuators in series
and has 4-DOF. The exoskeleton proposed by Popov et al.
[12], [13] is for bidirectional elbow braided on braided rope
actuators and proposed a control for this type of actuators.

In some cases, a graphical interface is implemented
in the LabVIEW software, where the behavior of the
robot or the exoskeleton is depicted in a visual manner.
For example, Gou et al. [14] performed a control system
based on LabVIEW for the upper extremity. Krasin et al.
[15] presented an exoskeleton of force amplification for
the articulation of the elbow, controlled by EMG signals,
and the control is programmed through the LabVIEW
platform. The work by Cansalar et al. [16] presents different
simulations of the P, PI, and proportional–integral–differential
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(PID) controls in the MATLAB/Simulink and LabVIEW
platforms. Therefore, the LabVIEW software provides some
advantages to implement control loops, such as relative
easiness, to implement high-quality graphic interface and
capabilities to implement advanced control when is combined
with data acquisition instruments. In addition, this software
has application in the industry.

Other exoskeletons are designed to rehabilitate joints such
as the elbow or shoulder, and their design and control are
different.

Gao et al. [17] designed an exoskeleton of 3-DOF for
the rehabilitation of superior members. Vitiello et al. [18]
proposed an exoskeleton with a motor in the elbow for phys-
ical rehabilitation and the feasibility of the control strategy,
and the full system was demonstrated by experimental tests.
Mohammad et al. [19] presented a rehabilitation exoskeleton
for elbow, which includes the movement of the forearm and
the wrist at the same time, and the control algorithm tested
was a PID control.

One crucial aspect for the exoskeletons is the control
strategy used to regulate the desired position and velocity
given by the exoskeleton user. However, this aspect is a
nontrivial task and it constitutes a challenge due to the
system nonlinearities. One requirement mentioned in [20] is
to reduce power consumption in the exoskeleton robot, which
can be obtained by the development of optimal controllers
for portable devices [21]. Nevertheless, the optimal control
algorithm synthesis for exoskeletons robots is not an easy task,
and its application to this type of prototypes has not yet been
done. Indeed, one can cite [22], where the control problem
of a hybrid actuation system composed of more than two
different types of actuators was addressed, using an discrete
dynamic programming (DP) approach; the torque distribution
strategy for hybrid actuators was found; a linearization around
a specific operation zone was used to find a linear quadratic
regulator that was iteratively improved by using of the iterative
linear quadratic Gaussian (ILQG) method, and simulation
results were presented. In [23], an optimal control framework
for the pneumatic artificial muscle (PAM) as a part of the
pneumatic-electric (PE) hybrid actuation system was exposed.
The model was decomposed into a linear and a nonlinear part,
and ILQG was used in order to improve the control law and
obtain satisfactory experimental results.

The control law of a hybrid exoskeleton is based on a
discrete suboptimal nonlinear algorithm whose purpose is to
optimize energy. The consumption of a suboptimal nonlinear
discrete control law is used with the aim of extending the
autonomy of the exoskeleton and optimization of energy
consumption.

The main novelty of this brief is to design and construct
an exoskeleton that contains in each elbow joint two types of
actuators (two pneumatic muscles and an electric motor) and
the control law implementation for each actuator. A joystick
placed in the exoskeleton at the height of the user’s hand
is used to interpret the human intention to flex and extend
the elbow joint. The antagonist system formed by pneumatic
muscles has been chosen due to the necessary force to move
heavy loads.

Fig. 1. Force augmenting hybrid exoskeleton for the elbow joints.

TABLE I

EFFORT ANALYSIS, SECURITY FACTOR, ELASTIC LIMIT, DEFORMATION,
AND DISPLACEMENT.

Type of Analysis Forearm Arm Shoulder
Security Factor 1.7 20 2.080

Elastic Limit 0.555 N/m2 1.001 N/m2 2.003 N/m2

Deformation 0.001 mm 0.003 mm 0.002 mm
Displacement 0.002 mm 0.001 mm 0.005 mm

High-frequency pneumatic valves were employed to control
the air flux entering the pneumatic muscles. However, these
components are highly nonlinear and are difficult to control.
To overcome this problem, Harmonic Drive electrical motors
were employed to give the whole device precision in the last
part of the motion of the elbow joint and a nonlinear discrete
suboptimal control based on the DP. A discrete nonlinear
model of the exoskeleton is considered to design the proposed
control algorithm. Note that, for the nonlinear continuous and
discrete systems, the synthesis of the optimal controllers is
an open problem in control theory, because the function that
satisfies the Bellman equation is unknown, so, in this proposal
brief, a suboptimal nonlinear discrete sequence is presented,
which avoid the solving of the Bellman equation, but in each
step, a minimization procedure is executed, which guarantees
the achievement of the local minimal. Numerical simulations
results have been presented in [24].

II. HYBRID EXOSKELETON DESIGN

A. Mechanical Structure

The complete exoskeleton weighs 7 kg and was designed to
have a load capacity of 25 kg. The structure design comprises
the dorsal trunk, the shoulder, the arm, the forearm, and the
hand, as it is shown in Fig. 1. It is adjustable for people with
backs measuring from 40 to 60 cm wide.

The material used in the exoskeleton is 6061-T4 (SS) alu-
minum and weighs 2.8 kg. A static analysis was performed on
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Fig. 2. Free body diagram of the exoskeleton elbow joint.

the parts belonging to the forearm, the arm, and the shoulder.
The data obtained from this stress analysis are presented
in Table I. We can conclude that the chosen material is
adequate and safe for the efforts generated in the exoskeleton.

B. Instrumentation

The exoskeleton has two pneumatic muscles, which are
placed in an antagonist position, and they are parallel to the
biceps and triceps muscles of the human arm. The pneumatic
muscles give the exoskeleton the necessary force to flex and to
extend the user arms and to carry heavy objects. The proposed
exoskeleton has also parallel Harmonic Drive electrical motors
placed in parallel to each elbow joint, which contribute to the
system with a percentage of torque, but they also give the
precision to get softly desired positions, with a minimum angu-
lar position error. The motor shaft coincides with the rotation
axis of the antagonist muscle of the system, both actuators
must work synchronized, and in this sense, the exoskeleton is
hybrid. For the autonomy of the exoskeleton, 24-V batteries
are used to energize the electrical motors and two tanks of
compressed air, which store 4 L to 10 bars of pressure for the
pneumatic muscles.

The exoskeleton is controlled and monitored by an embed-
ded device (NI myRIO-1900) from the National Instruments.
It has an ARM Cortex-A9 dual-core processor, and the card
has inputs and outputs with MXP and SMP connections. This
low-cost PAC is programed by data flow in the LabVIEW
software and the controllers are implemented on the PAC.
An incremental encoder 6B2-CWZ3E to obtain the angular
position is placed on the rotation axis. The prototype contains
an air pressure sensor in each pneumatic muscle.

The exoskeleton is commanded by a joystick that is the
human force sensor. The joystick is placed at the end of
the exoskeleton arm at the height of the user hand (see
Fig. 2). When the user is wearing the exoskeleton and flexes
the elbow, he can push the joystick with user hand in the
direction of the flexion, using only the force necessary to
move the joystick. With this intuitive movement, the human
flexes the elbow of the exoskeleton to the desired position.
The exoskeleton may be carrying a weight, but the torque that
is needed to turn the elbow is generated by the exoskeleton’s

actuators so that the human does not exert more effort. In the
same way, when the human extends his elbow can push
with his hand the joystick in the direction of the extension
by intuitively moving the arm of the exoskeleton in the
desired direction. The speed and direction of rotation in the
articulation of the exoskeleton are proportional to the force
exerted on the joystick. In this sense, the joystick works like
a torque sensor, considering Hook’s law as

τs = (θs − θs(0))ks (1)

where τs is the exerted torque in the joystick, θs is the rotation
angle and θs(0) is the angle on the equilibrium position, and
ks is the elasticity coefficient. Intuitively, when the user exerts
a small torque on the sensor of around 13 Nm, an amplified
torque is generated by the exoskeleton.

III. MATHEMATICAL MODEL

In this section, the mathematical model of the proposed
exoskeleton is presented. The continuous nonlinear model is
presented, and then, its discrete version is obtained.

A. Continuous Model

Although a human elbow joint can rotate 150◦, the exoskele-
ton is designed to rotate only 70◦ with an initial position at
20◦ and final position at 90◦.

The reason for this restriction arises because the main
objective is to lift objects. Therefore, when the arms are
maintained at 90◦, the load is lifted safely, while the shoulder
joint remains static [24].

The mathematical model was obtained from the free body
diagram of the exoskeleton shown in Fig. 2, where g is
gravitational constant, Mp is the load mass, τ3 is the torque of
a Harmonic Drive motor, F1 is the linear force exerted by the
pneumatic muscle M1, F2 is the linear force exerted by the
pneumatic muscle M2, L1 is the distance from the pivot to the
muscle M1, L2 is the distance from the pivot to the muscle
M2, and Lm is the distance from the pivot to the loading point.

The pneumatic muscles are antagonistic. When the pneu-
matic muscle M1 is inflated, it generates a torque in the
anticlockwise direction of the joint, while the pneumatic
muscle M2 simply deflates and does not exert any torque on
the joint. In the same way, when M2 is inflated, it generates
a clockwise torque and M1 does not exert any torque on the
joint. To interpret this, the ω(z) function was defined as

ω(z) :=
{

1, if z ≥ 0

0, if z < 0.
(2)

The dynamical model was obtained using the Newton–Euler
approach and combined with ω(z) as

[Icm + ml2]θ̈ = F1ω(θ − θ0)L1 sin θ

− F2ω(θ0 − θ)L2 sin θ

+ τ3 + Mp gLmsenθ − bθ̇ (3)

where m is the forearm mass, l is the distance from the pivot
to the mass center of the forearm, b is the friction constant
in the joint, Icm is the moment of inertia of the forearm with
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respect to axis that passes through their mass center Cm , θ
is the angular position, and θ0 is the angular position of the
forearm before the moving of the joint. Note that the ω(z)
function of (3) serves to distinguish the active muscle and
multiply by 1 the force (F1 and F2 belonging to M1 and M2)
that is generating a torque in the articulation while eliminating
the other force that belongs to the inactive muscle, multiplying
it by 0.

Define θ1 = θ and θ2 = θ̇2, and then, the state-space
representation of the dynamic model is

[
θ̇1

θ̇2

]
=

⎡
⎣ θ2

τt + Mp gLmsenθ1

Icm + ml2 − βθ2

⎤
⎦ (4)

where

β = b

Icm + ml2 (5)

τt = (F1ω(θ − θ0)L1 − F2ω(θ0 − θ)L2)senθ1 + τ3

Icm + ml2 . (6)

In Section III-B, the discrete version of this continuous
model is presented.

B. Discrete Dynamic Model

First, consider a fixed sample time ts and t = kts , where
k = 0, 1, 2, . . . Then, to discretize the dynamic model given
by (4), consider that[

θ1(t)
θ2(t)

]
≈

[
θ1(k)
θ2(k)

]
. (7)

The derivative in model (4) is approximated by the Euler
approximation as follows:

d

dt

[
θ1
θ2

]
≈ 1

ts

[
θ1(k + 1) − θ1(k)
θ2(k + 1) − θ2(k)

]
. (8)

Therefore, the discrete dynamic model can be written as[
θ1(k + 1)
θ2(k + 1)

]

=
⎡
⎢⎣

tsθ2(k) + θ1(k)

tsτt (k) + ts Mp gLm sin θ1(k)

Icm + ml2 − tsβθ2(k) + θ2(k)

⎤
⎥⎦.

(9)

The last discrete model could be rewritten as the affine
nonlinear equation

x(k + 1) = f0(x(k)) + f1(x(k))u(k) (10)

where ts is the sampling time, x(k) = [θ1 θ2]T , k = 0, 1 . . .,

f0(x(k)) =
⎡
⎣ θ1(k) + tsθ2(k)

θ2(k) (1 − tsβ) + ts Mp gLm sin(θ1(k))

Icm + ml2

⎤
⎦
(11)

f1(x(k)) =
⎡
⎣ 0 0 0

L1 sin θ1(k)

c1

−L2 sin θ1(k)

c1

1

c1

⎤
⎦ (12)

with c1 = Icm + ml2, and

u =
⎡
⎣ F1ω(θ1 − θ0)

F2ω(θ0 − θ1)
τ3

⎤
⎦ . (13)

In Section IV, a procedure that minimizes a quadratic index
performance in the local sense is presented. The algorithm is
based on the DP, which is originally exposed in [25] and [26]
and used in a quadrotor in [27]; however, to the best of our
knowledge, this discrete control based on the classical DP has
not been used in exoskeletons.

IV. OPTIMIZATION PROCEDURE OF FINITE HORIZON

The task development of the proposed exoskeleton is
defined in a finite period of time and the energy used by the
three actuators is computed by the control algorithm. This is a
crucial issue since the minimization of the energy spent in the
control system will directly affect the time autonomy of the
prototype. This motivates the use of a discrete DP approach
to find an optimized control sequence for finite horizon and is
described next.

A. Suboptimal Discrete Control Sequence

Consider the following definition of the controllability of a
pair point.

Definition 1: The pair (x0, x1) is controllable, if there exists
an admissible control u(k) such that the system defined by
x(k + 1) = f (x(k), u(k)) is transferred from x0 to x1 in N
finite number of steps, where f (x(k), u(k)) ∈ Rn , u(k) ∈ Rm .

It is not a hard task to verify that the systems (10)–(13) are
locally controllable around to the fixed-point zero.

Now, consider the quadratic performance index defined in
[26] as

J = 1

2
x̄ T (N)H x̄(N) + 1

2

N−1∑
k=0

{x̄ T (k)Qx̄(k)

+ uT (k)Ru(k)} (14)

with the horizon as t f = ts N , ts is the sample period, and
N ∈ N. The Q and R are square positive-semidefinite and
positive-definite matrices, respectively. Assume that the pair
of points (x0, xt f ) of the system (10)–(13) satisfy Definition 1.
The DP approach in discrete time proposed in [26] is used to
obtain

J ∗
N,N = 1

2
x̄ T (N)H x̄(N). (15)

This term does not depend on the control law u(N), because
x̄N depends on the control uN−1; then, one can conclude that
J ∗

N,N is the optimal value of J in the discrete time N and
then u∗(N) = 0. Then, in the next step, we want to optimize
the performance index J with respect to the control uN−1 as
follows:

J ∗
N−1,N = min

u(N−1)

{
J ∗

N,N + 1

2
x̄ T (N − 1)Qx̄(N − 1)

+ 1

2
uT (N − 1)Ru(N − 1)

}
. (16)
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As x̄(N − 1) depends of the control u(N − 2), we only
consider the state x̄(N) from (10), and then

J ∗
N−1,N (x̄(N − 1), u(N − 1))

= min
u(N−1)

{
1

2
[ f0(x̄(N − 1)) + f1(x̄(N − 1)u(N − 1)]T

× H [ f0(x̄(N − 1)) + f1(x̄(N − 1)u(N − 1))]
+ 1

2
x̄ T (N − 1)Qx̄(N − 1)

+ 1

2
uT (N − 1)Ru(N − 1)

}
. (17)

To find a local minimal value of JN−1,N with respect to
u(N − 1), first, consider that the existence of a minimum is
guaranteed, because the right-hand side of (17) is strongly
convex with respect to u(N − 1), and then, by using the suffi-
cient condition of the fundamental theorem of the variational
calculus [26]

∂ JN−1,N

∂u(N − 1)
= 0 (18)

it follows that:

u∗(N − 1) = −[ f T
1 (x̄(N − 1))H f1(x̄(N − 1)) + R]−1

× f T
1 (x̄(N − 1))H f0(x̄(N − 1)). (19)

The term [ f T
1 (x̄(N − 1))H f1(x̄(n − 1)) + R]−1 exists,

because R > 0. Observe that the control given by (19) is
optimal, because

∂2 JN−1,N (x̄(N − 1), u(N − 1)

∂2u(N − 1)
= R > 0. (20)

For the next step N − 2, note that the value of u∗(N −
1) is the optimal value in the step N − 1, and according to
the Bellman optimality principle, this control generates the
optimal value for x̄(N − 1). Then, we have that

J̄N−2,N (x̄(N − 2), u(N − 1), u(N − 2))

= min
u(N−1) ,u(N−2)

{
1

2
x̄(N)T H x̄(N) + · · · + 1

2
x̄ T (N − 1)

× Qx̄ T (N −1) + 1

2
x̄ T (N −2)Qx̄(N −2)

+ 1

2
uT (N − 1)Ru(N − 1)

+1

2
uT (N − 2)Ru(N − 2)

}
. (21)

The term including x̄(N) depends on the control u(N −
1) and the term including x̄(N − 2) depends on the control
u(N − 3), and then, only the term with x̄(N − 1) depends on
the control u(N − 2). As the control u(N − 1) in the previous
step is optimal, the minimization is made only with respect to
u(N − 2) and x̄(N − 1) is obtained by the state equation (10),

and it follows that:

J̄N−2,N (x̄(N − 2), u(N − 2))

= min
u(N−2)

{
1

2
x̄(N)T H (x̄)(N) + 1

2
[ f0(x̄(N − 2))

+ · · · + f1(x̄(N − 2))u(N − 2)]T

× Q[ f0(x̄(N − 2)) + f1(x̄(N − 2))u(N − 2)]
+ 1

2
x̄ T (N − 2)Qx̄(N − 2)

+ 1

2
uT (N − 1)Ru(N − 1)

+ 1

2
uT (N − 2)Ru(N − 2)

}
. (22)

We use the last equation to obtain the suboptimal control
u(N − 2), without solving the Riccati equations, which is a
very complex problem. However, (21) is strongly convex with
respect to u(N − 2), and this fact guarantees the existence
of a minimum; however, it is only an approximation of
the optimal value of u(N − 2), since, as it is well known,
the optimal control signal u(N − 2) should be found applying
the solution of the Riccati equation. We proceed in the usual
manner in order to find the suboptimal control u(N − 2)
(∂ JN−2,N /∂u(N − 2) = 0)

ū(N − 2) = −[
f T
1 (x̄(N − 2))Q f1(x̄(N − 1)) + R

]−1

× f T
1 (x̄(N − 1))Q f0(x̄(N − 1)). (23)

The general equations are obtained as follows:

ū(N − k) = −[
f T
1 (x̄(N − k))Q f1(x̄(N − k)) + R

]−1

× f T
1 (x̄(N − k))Q f0(x̄(N − k)) (24)

and

J̄N−k,N (x̄(N − k), u(N − k))

= J̄N−k+1,N + 1

2
x̄ T (N − k)Qx̄(N − k)

+ ūT (N − k)Rx̄(N − k) (25)

for all k = 2, . . . , N , for k = 1, the control is given by (19).
This suboptimal sequence obtained here guarantees that an

approximation to the minimal value to the performance index
(14) is reached.

Remark 1: From (25), note that J̄N−k,N > J̄N−k+1,N , then
J̄.,. is a decreasing function and it is a quadratic function; it
implies that the state tends to fixed point.

B. Suboptimal Control for the Exoskeleton

The suboptimal control sequence previously described is
used to control the position and velocity of the exoskeleton.
Although the expressions presented here are referenced to the
fixed-point zero, in the real-time implementation, the error is
used instead of only the state.
Consider the discrete mathematical model (10)–(13),
the quadratic performance index (14), the suboptimal
sequence (24), and the following penalty matrices in the
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Fig. 3. Position control simulation with the suboptimal control law applied
to the exoskeleton mathematical model with a predefined velocity profile.

criterion (14)

R =
⎡
⎣ R11 0 0

0 R22 0
0 0 R33

⎤
⎦

and

H = Q =
[

Q11 0
0 Q22

]
.

For these chosen matrices, the control signal (24) is

u =
⎡
⎣ u1

u2
u3

⎤
⎦ =

⎡
⎢⎢⎢⎢⎣

−2C L1 R22 R33ts
sin B

E
G

2DL2 R11 R33ts
sin B

E
G

−2R11 R22
ts
E

G

⎤
⎥⎥⎥⎥⎦ (26)

where u1 is the suboptimal control law corresponding to the
first pneumatic muscle, which produces the force F1, u2 is the
suboptimal control law corresponding to the second muscle
associated with the force F2, and u3 is the suboptimal control
corresponding to the Harmonic Drive motor, B := θ1(k), A :=
θ2(k), C := ω(θ1(k)) − θ1(0), D := ω(θ1(0) − θ1(k)) and

E = 2R11 R22 R33 I 2
cm + 2Q22 R11 R22t2

s

+ 2m2l4 R11 R22 R33 + D2 L2
2 Q22 R11 R33t2

s

+ 4ml2 R11 R22 R33 IcmC2 L2
1 Q22 R22 R33t2

s

+ C2 L2
1 Q22 R22 R33t2

s sin 2B

+ D2 L2
2 Q22 R11 R33t2

s sin 2B (27)

and

G = AQ22 Icm − AbQ22ts + Amr2 Q22

+ MpgLm Q22ts sin B. (28)

The specific choice of the diagonal penalty matrices gives
a particular structure of the controller. Note that the controller
involves position and velocity.

V. RESULTS

In this section, simulation and experimental results are
presented. Furthermore, the suboptimal control proposed in
this brief is compared with a proportional and derivative
control with gravity compensation (PD + G) to highlight
some advantages concerning the closed-loop performance.
In addition, the control PD + g is considered a suitable control
for this type of exoskeletons focused on assisting the user in

Fig. 4. Simulated control signals u1 and u2 for the pneumatic muscles M1,
M2 and control u3 for the harmonic drive motor.

the load of heavy objects, since the nature of the control is
to compensate the torque necessary to hold an object in an
angular position.

A. Numerical Results

The first test of the exoskeleton mathematical model is a
stabilization task. The objective is to reach an angular position
of 70◦ and to maintain it for 5 s and then come back to
the initial angular position of 20◦, following the previously
established velocity profile.

The simulation results are shown in Fig. 3, when the
position and the angular velocity are displayed. The simu-
lation parameters are Mp = 5 kg, Lm = 0.35 m, Icm =
0.0469 kgm2, m = 200 g, r = 0.18 m, b = 0.010, ts =
0.05 s,L1 = 0.0532 m, L2 = 0.0532 m, R = [100; 010; 001],
and Q = H = [10 0; 0 15]

Fig. 4 shows the control signals in simulation u1 and u2
for the pneumatic muscles and the control u3 corresponding
to the harmonic drive motor.

A suboptimal control for the exoskeleton is proposed with
the aim of reducing the pneumatic as well as electrical energy.
A comparison of the control signal magnitudes is presented.
The total torque τt is given by (6). Both the suboptimal
control versus the torque produced by a PD + G control are
shown in Fig. 5. As can be observed at the beginning of the
experiment, the signal given by the PD + G controller has a
large energy expenditure. On the other hand, the suboptimal
controller signal does not present any peak. We may conclude
that the suboptimal control signal stabilizes the plant in a
region smaller than the one corresponding to the PD + G
controller. The PD + G controller was heuristically tuned and
the same control signal was applied to the actuators. Note,
however, that it is not an easy task to tune this controller
in view of the nonlinearities of the plant. In the case of the
nonlinear suboptimal control, one has to select a pair Q and R.
Such a choice is simplified because of the diagonal structure
of these matrices.

B. Experimental Results

The suboptimal control laws were implemented in the
embedded card MyRIO-National Instruments with a sampling
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Fig. 5. Simulation results of a comparison of control signals magnitude
between a PD + G controller and a suboptimal control.

Fig. 6. Real-time experimental results of trajectory tracking generated by a
signal obtained by a force sensor when flexes and extends the elbow joint.

Fig. 7. Real-time control signals (u1, u2, and u3) corresponding to the
pneumatic muscles and electric motor for the trajectory-tracking test.

time of 10 ms. The first test consisted in tracking a reference
signal that flexes and extends the elbow joint. The reference
signal is produced by a joystick manipulated by the user. It is
necessary to clarify that the maximum flexion of the prototype
occurs at 70◦ and the minimum at 20◦. Fig. 6 shows the
experimental results of this task-tracking, and a zoomed-in
view on the signal shows that despite the fact that the desired
signal has abrupt changes, the real signal is smoother, due to
the advantages provided by the actuator dynamics.

The above graph represents the natural movement of the
elbow joint during lifting, putting down, and lifting again an

Fig. 8. Real-time experimental results of trajectory tracking when a PD +
G control is used.

Fig. 9. Real-time control signal of the PD + G control applied to all actuators
for the trajectory-tracking test.

Fig. 10. Comparison of force exerted between the exoskeleton and the human.

object. The control signals corresponding to this experiment
are shown in Fig. 7. The antagonist motion of the muscles is
due to controls u1 and u2. Control u1 activates to muscle M2,
but this control is also used to control the output airflow of
muscle M1. The same behavior occurs with the control u2,
but in an antagonist way. Control input u3 is the signal that
drives the Harmonic Drive motor.

A similar task was made but using a PD + G control, and
the results could be seen in Fig. 8 and the control signal is
shown in Fig. 9.

It is clear that the tracking error is greater than the one
produced by using the suboptimal discrete nonlinear control,
and the signal control of the last controller is smaller in
magnitude than the corresponding signal of the PD + G
controller.

The good performance of the system, presented in the exper-
imental tests when using the suboptimal control, validates the
mathematical model since the design of the suboptimal control
is computed using the model. Moreover, in order to evaluate
the quality of assistance provided to the user, Fig. 10 shows the
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results comparing the torques generated by the human and by
the exoskeleton. Observe that it is necessary for the human to
generate a torque not greater than 15 Nm to obtain a torque in
the elbow of the exoskeleton of 230 Nm. This rise of strength
allows a comfortable behavior.

VI. CONCLUSION

The mathematical model, the design, the control algorithm,
and the prototype of a hybrid exoskeleton were presented. The
main contribution is in the configuration of the articulation
of the exoskeleton that presents the coupling of two types
of actuators by means of a control that optimizes the energy
expenditure. The reference for control tracking is generated
online with the human intention. This intention is sensed by a
joystick placed in the exoskeleton. In the same way, the control
(nonlinear suboptimal) makes a satisfactory online tracking.

The proposed nonlinear suboptimal control algorithm for
finite horizon was based on the DP approach. Such a control
strategy does not require explicit solving of the Bellman
equation. Furthermore, the controller parameter tuning is
relatively easier than other control algorithms (see Fig. 5)
We conclude also that the suboptimal control requires less
energy expenditure compared with a classical proportional and
derivative control law with gravity compensation. Satisfactory
experimental tests were conducted, which verified the feasi-
bility and controllability of the hybrid exoskeleton prototype.
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